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Abstract—This note is devoted to Circulant matrices involving
(k, h)-Jacobsthal sequence and (k, h)-Jacobsthal-like sequence .
Firstly we define (k, h)-Jacobsthal-like sequence. Then by using
(k, h)-Jacobsthal-like sequence, some formulas for nth term
and sum of the first n terms of (k, h)-Jacobsthal and (k, h)-
Jacobsthal-like sequences are derived. Moreover eigenvalues and
determinants of circulant matrices involving these sequences are
obtained. Finally some bounds for the spectral norm of circulant
matrices involving these sequences are represented.

Index Terms—Circulant matrices, (k, h)-Jacobsthal sequence,
(k, h)-Jacobsthal-like sequence, determinant, spectral norm .
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I. INTRODUCTION

THE (k, h)-Jacobsthal is defined by

Tn = kTn−1 + 2hTn−2, (1)

where T0 = 0 and T1 = k ([1]). Bueno in [1] found a formula
of nth term and sum of the first n terms of this sequence.
Firstly in this note we define (k, h)-Jacobsthal-like sequence
and is defined by

Pn = kPn−1 + 2hPn−2, (2)

where P0 = 2 and P1 = k.
This note is devoted to Circulant matrices involving (k, h)-
Jacobsthal sequence and (k, h)-Jacobsthal-like sequence.
Firstly we define (k, h)-Jacobsthal-like sequence. Then by
using (k, h)-Jacobsthal-like sequence, some formulas for nth

term and sum of the first n terms of (k, h)-Jacobsthal and
(k, h)-Jacobsthal-like sequences are derived. Moreover eigen-
values and determinants of circulant matrices involving these
sequences are obtained. Finally upper bounds and lower
bounds for the spectral norm of circulant matrices involv-
ing these sequences are established. For more information
about Fibonaacci sequence and some generalizations of this
sequence and norm properties of particular matrices involving
these sequences one can see [2]-[14].
It is known that

n−1∑
k=0

xk = 1 + x+ x2 + · · ·+ xn−1 =
xn − 1

x− 1
, (3)
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n−1∑
k=1

kxk−1 =
(n− 1)xn − nxn−1 + 1

(x− 1)2
(4)

Let A = [aij ] be an n × n matrix. The `p norm of A is
defined by

‖A‖p = (
n∑
i=1

n∑
j=1

|aij |p)
1
p (5).

For p = 2 this norm is called Frobenius or Euclidean norm
and showed by ‖A‖E . The spectral norm of A is defined by

‖A‖2 =
√

max
1≤i≤n

λi, (6)

where λi is the eigenvalue of matrix AAH and AH is
conjugate transpose of matrix A. There is a relation between
frobenius and spectral norm, that is

1√
n
‖A‖E ≤ ‖A‖2 ≤ ‖A‖E . (7)

II. MAIN RESULTS

Theorem 2.1 Let Tn be a sequenceas in (1), then we have

Tn =
k

p
(αn − βn) ,

where α = k+
√
k2+8h
2 , β = k−

√
k2+8h
2 and

p = α− β, k = α+ β.
Proof: See [1]. 2

Theorem 2.2 Let Pn be a sequence as in (2), then we have

Pn = αn + βn,

where α = k+
√
k2+8h
2 , β = k−

√
k2+8h
2

and p = α− β, k = α+ β.
Proof: The proof is similar to theorem 2.1. 2

Theorem 2.3 Let Tn be a sequence as in (1), then we have

n−1∑
m=0

Tm =
Tn + 2kTn−1 − k

2h+ k − 1
.

Proof: See [1]. 2
Theorem 2.4 Let Tn be a sequence as in (1), then we have∑n−1
m=0 T

2
m =

k2

p2

[
4h2P2n−2 − P2n − P2 + 2

4h2 − P2 + 1
− 2 · 1− (−2h)n

1 + 2h

]
.
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Proof: By theorem2.1 we have
n−1∑
m=0

T 2
m =

n−1∑
m=0

[
k

p
(αm − βm)

]2

=
k2

p2

n−1∑
m=0

(
α2m + β2m − 2(αβ)m

)
=
k2

p2

[
n−1∑
m=0

(α2)m +
n−1∑
m=0

(β2)m − 2
n−1∑
m=0

(αβ)m

]
.

By using (3) and (4) we get
n−1∑
m=0

T 2
m =

k2

p2

[
α2n − 1

α2 − 1
+
β2n − 1

β2 − 1
− 2

(αβ)n − 1

αβ − 1

]

=
k2

p2

[
α2β2(α2n−2 + β2n−2)− (α2n + β2n)− (α2 + β2) + 2

(αβ)2 − (α2 + β2) + 1

]
+
k2

p2

[
2
(−h)n − 1

h+ 1

]
.

So by theorems2.1 and 2.2 we deduce that
n−1∑
m=0

T 2 =
k2

p2

[
4h2P2n−2 − P2n − P2 + 2

4h2 − P2 + 1
+ 2 · 1− (−2h)n

1 + 2h

]
.

2

Theorem 2.5 Let Pn be a sequence as in (2), then we have
n−1∑
m=0

Pm =
Pn + 2hPn−1 + k − 2

k + 2h− 1
.

Proof: The proof is similar to theorem2.3. 2
Theorem 2.6 Let Pn be a sequence as in (2), then we have

n−1∑
m=0

P 2
m =

[
2− P2 + 4h2P2n−2 − P2n

1− P2 + 4h2

]
+ 2

[
1− (−2h)n

1 + 2h

]
.

Proof: The proof is similar to theorem2.4. 2

III. CIRCULANT MATRICES

A matrix C = [ci,j ] ∈Mn is called a Circulant matrix if it
is of the form
ci,j = aj−i for j ≥ i,
and
ci,j = an+j−i for j < i.

Theorem 3.1 Let C = circ(c0, c1, c2, · · · , cn−1) is an n×n
circulant matrix. The eigenvalues of C are

λj =
n−1∑
k=0

ckw
jk, j = 0, 1, · · · , n− 1

where w = exp( 2πin ) and i =
√
−1.

Proof: see [2]. 2

We define the n×n circulant matrices Cn and Dn with (k, h)-
Jacobsthal sequence and (k, h)-Jacobsthal-like sequence re-
spectively by

Cn = circ(T0, T1, T2, · · · , Tn−1), (8)

and
Dn = circ(P0, P1, P2, · · · , Pn−1), (9)

where Tn is the nthterm of (k, h)-Jacobsthal sequence and
Pn is the nth term of (k, h)-Jacobsthal-like sequence.

Theorem 3.2 Let Cn be a circulant matrix as in (8), then
the eigenvalues of Cn are:
for j=0 we have

λ0 =
n−1∑
m=0

Tm =
Tn + 2kTn−1 − k

2h+ k − 1
,

and for j ≥ 1 we have

λj =
(k + 2hTn−1)w

j − Tn
1− (k + 2hwj)wj

.

where w = exp( 2πin ) and i =
√
−1.

Proof: For j = 0 the results follows from theorem3.1 and
theorem2.3.
For j ≥ 1, by theorem3.1 and theorem2.1 we have

λj =
n−1∑
m=0

Tmw
jm =

n−1∑
m=0

k

p
(αm − βm)

(
e

2πij
n

)m
.

=
k

p

n−1∑
m=0

(
(αe

2πij
n )m − (βe

2πij
n )m

)
.

According to (3) we get

λj =
k

p

1− αn
(
e

2πij
n

)n
1− αe 2πij

n

−
1− βn

(
e

2πij
n

)n
1− βe 2πij

n


Thus we have

λj =
k

p

[
1− αn

1− αwj
− 1− βn

1− βwj

]
By some computations we obtain

λj =
k

p

[
(α− β)wj − (αn − βn) + αβ(αn−1 − βn−1)wj

(1− αwj)(1− βwj)

]

=
k

p

[
(α− β)wj − (αn − βn) + αβ(αn−1 − βn−1)wj

1− (α+ β)wj + (αβ)w2j

]
Consequently by theorem2.1 and theorem2.2 we get

λj =
T1w

j − Tn − 2hTn−1w
j

1− kwj − 2hw2j
=

(k − 2hTn−1)w
j − Tn

1− (k + 2hwj)wj
.

Thus the proof is completed. 2
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Lemma 3.3 Let x and y are real variables and w =
exp( 2πin ) then

n−1∏
j=0

(x− ywj) = xn − yn.

Proof: see[3]. 2
Theorem 3.4 Let Cn be a circulant matrix as in (8), then

determinant of of Cn is

det(Cn) = |Cn| =
(k − 2hTn−1)

n − (Tn)
n

1− Pn + (−2h)n
.

Proof: By [2] we have

det(Cn) =
n−1∏
j=0

λj =
n−1∏
j=0

(k − 2hTn−1)w
j − Tn

(1− αwj)(1− βwj)
.

Thus by Lemma3.3 we have

det(Cn) =

∏n−1
j=0

(
(k − 2hTn−1)w

j − Tn
)∏n−1

j=0 (1− αwj)
∏n−1
j=0 (1− βwj)

= .

According to lemma3.3 we deduce that

det(Cn) =
(k − 2hTn−1)

n − (Tn)
n

(1− αn)(1− βn)
Consequently by theorem2.2 we conclude that

det(Cn) =
(k − 2hTn−1)

n − (Tn)
n

1− Pn + (−2h)n
.

2

Theorem 3.5 Let Dn be a circulant matrix as in (9), then
the eigenvalues of Dn are:
for j = 0 we have

ν0 =
n−1∑
m=0

Pm =
Pn + 2hPn−1 + k − 2

k + 2h− 1
,

and for j ≥ 1 we have

νj =
2− (k + 2hPn−1)w

j − Pn
1− (k + 2hwj)wj

.

where w = exp( 2πin ) and i =
√
−1.

Proof: The proof is similar to theorem3.2. 2

Theorem 3.6 Let Dn be a circulant matrix as in (9), then
determinant of of Dn is

det(Dn) = |Dn| =
(2− Pn)n − (k + 2hPn−1)

n

1− Pn + (−2h)n
.

Proof: The proof is similar to theorem3.4. 2

Theorem 3.7 Let Cn be a circulant matrix as in (8), then
the Euclidean norm of Cn is

‖Cn‖E =

√
nk

p

[
4h2P2n−2 − P2n − P2 + 2

4h2 − P2 + 1
− 2 · 1− (−2h)n

1 + 2h

] 1
2

.

Proof: By definition of Euclidean norm we have

‖Cn‖2E = n
(
T 2
0 + T 2

1 + T 2
2 + · · ·+ T 2

n−1
)

= n
n−1∑
k=0

T 2
k .

By Theorem2.4 we obtain

‖Cn‖2E =

n
k2

p2

[
4h2P2n−2 − P2n − P2 + 2

4h2 − P2 + 1
− 2 · 1− (−2h)n

1 + 2h

]
.

Coseqently by taking ( 12 )
th power from the both sides of the

above equality we get the result. 2
Theorem 3.8 Let Cn be a circulant matrix as in (8), then

we have the following upper bound and lower bound for the
spectral norm of Cn

k

p

[
4h2P2n−2 − P2n − P2 + 2

4h2 − P2 + 1
− 2 · 1− (−2h)n

1 + 2h

] 1
2

≤ ‖Cn‖2

≤
√
nk

p

[
4h2P2n−2 − P2n − P2 + 2

4h2 − P2 + 1
− 2 · 1− (−2h)n

1 + 2h

] 1
2

.

Proof: It follows from (7) and theorem3.7.2

Theorem 3.9 Let Dn be a circulant matrix as in (9), then
the Euclidean norm of Dn is
‖Dn‖E =

√
n

[
2− P2 + 4h2P2n−2 − P2n

4h2 − P2 + 1
+ 2 · 1− (−2h)n

1 + 2h

] 1
2

.

Proof: The proof is similar to theorem3.7.2

Theorem 3.10 Let Dn be a circulant matrix as in (9), then
we have the following upper bound and lower bound for the
spectral norm of Dn[
2− P2 + 4h2P2n−2 − P2n

4h2 − P2 + 1
+ 2 · 1− (−2h)n

1 + 2h

] 1
2

≤ ‖Dn‖2

≤
√
n

[
2− P2 + 4h2P2n−2 − P2n

4h2 − P2 + 1
+ 2 · 1− (−2h)n

1 + 2h

] 1
2

.

.
Proof: It follows from (7) and theorem3.9. 2

IV. CONCLUSION

Some new identities about determinants and eigenvalues of
circulant matrices involving (k, h)-Jacobsthal sequence and
(k, h)-Jacobsthal-like sequence are derived in this paper. Also
in this paper upper and lower bounds for the spectral norm of
circulant matrices involving these sequences are represented .
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